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We address the problem of the robustness of entanglement of bipartite systems (qubits) interacting
with dynamically independent environments. In particular, we focus on characterization of so-called
local entanglement-annihilating two-qubit channels, which set the maximum permissible noise level
allowing to perform entanglement-enabled experiments. The differences, but also subtle relations
between entanglement-breaking and local entanglement-annihilating channels are emphasized. A
detailed characterization of latter ones is provided for a variety of channels including depolarizing,
unital, (generalized) amplitude-damping, and extremal channels. We consider also the convexity
structure of local entanglement-annihilating qubit channels and introduce a concept of entanglement-
annihilation duality.
PACS numbers: 03.65.Ud, 03.67.Mn, 03.67.-a
I. INTRODUCTION
Flourishing field of quantum information theory is
obliged to the phenomenon of quantum entanglement [1]
exhibited by multipartite quantum systems. In the
last decades many entanglement-enabled applications of
quantum states have been developed and experimentally
realized such as quantum key distribution, dense cod-
ing, quantum teleportation, etc. (see the detailed re-
view [2]). These quantum information protocols oper-
ate efficiently providing that the entanglement between
the involved parties (Alice and Bob) is preserved. How-
ever, during the protocols the involved systems interact
with an environment, which introduces (practically) un-
avoidable noise. As a result of these influences, Alice
and Bob manipulate modified states whose entanglement
can substantially differ from the original one. It may
even happen that the systems become disentangled what-
ever state they start with. Under such circumstances no
entanglement-enabled application is implementable.
For purposes of quantum communication protocols it
is reasonable to assume that the influence of environ-
ments of Alice and Bob are independent. That is, the
joint noise applied on the shared state ρin is of the form
E1 ⊗ E2, where E1, E2 are local channels describing the
interaction of Alice’s and Bob’s subsystem, respectively,
with their environments. The question of our interest is
the robustness of the initial entanglement with respect to
local noises, i.e. to characterize the entanglement prop-
erties of states ρout = (E1 ⊗ E2)[ρin]. Different varia-
tions of this problem of so-called entanglement dynamics
were addressed in a number of papers (see, e.g., [3–12]),
where the time evolution of two-qubit entanglement was
studied for different physical systems (initial state, types
of interqubit interactions and environments). Many re-
searches have also paid their attention to the phenom-
ena known in the literature as sudden death and sudden
birth of the entanglement (see, e.g., [13, 14] and refer-
ences therein). In contrast to the studies, where the time
evolution of the entanglement is deduced from the time
evolution of the state, an attempt to find a direct relation
(inequality) involving the initial and final entanglements
of an arbitrary bipartite two-qubit state in presence of
local noises has been undertaken in the papers [15–18].
Recently, a related concept of entanglement-
annihilating channels has been introduced [19]. These
channels destroy any quantum entanglement completely
within the system they act on. Following the paper [19],
we will refer to a local two-qubit channel E1 ⊗ E2 as
entanglement-annihilating (EA) if the output state
(E1 ⊗ E2)[ρin] is separable for all input states ρin.
Therefore, the question whether the channel is EA or
not is a question whether the noise level is acceptable
for entanglement-enabled quantum applications or not.
It is worth emphasizing the contrast between
entanglement-annihilating and entanglement-breaking
channels. Let us remind that a channel E (acting on
some system) is called entanglement-breaking (EB) if for
all its extensions E ⊗ Ianc it annihilates the entangle-
ment between the system and the ancilla. In particu-
lar, a local two-qubit channel E1 ⊗ E2 is EB if the out-
put state ρ+ancout = (E1 ⊗ E2 ⊗ Ianc)[ρ+ancin ] is disentan-
gled with respect to partitioning ‘1+2’|‘anc’ for any in-
put state and any dimension of the ancillary system.
The entanglement-breaking channels and their proper-
ties have been widely discussed in the literature (see,
e.g., [20–25]). As it was shown in Ref. [19] even if the
channels E1 = E and E2 = E are not EB, the channel
E ⊗ E can cancel any entanglement between quantum
subsystems in interest. It means that in order to ful-
fill an entanglement-enabled protocol it does not suffice
to know whether the individual local influences are de-
scribed by EB channel or not, one has to resort to the
concept of EA channel.
Our goal in this paper is to investigate in details the
properties of entanglement-annihilating channels for the
simplest case of two-qubits system. In Sec. II, we briefly
review some known properties of EA channels and add
2a new one for EA channels of the form E ⊗ E . Such
channels naturally occur in physical experiments, where
two parties experience the same influence from the envi-
ronment and thus undergo the same local transformation
E1 = E2 = E . Although such channels do not describe the
general case, they are of significant physical relevance.
For the sake of convenience, if E ⊗ E is EA, we will refer
to a single-qubit channel E as a 2-locally entanglement-
annihilating channel (2-LEA).
In order to demonstrate the difference between the EA
and EB local two-qubit channels, in Sec. III we consider
the simplest and the most widely used model of quantum
noise – depolarizing channels. We find the overall noise
level under which the entanglement is destroyed for all
input states or can be preserved for some quantum states.
Since depolarizing channels belong to the class of unital
channels, we further in Sec. IV focus our attention on
this class. These channels describe important physical
processes that do not increase purity of the states.
In Sec. V we move on to the entanglement-annihilating
behavior of non-unital channels. At first, we address the
question ‘which extremal single-qubit channels E1 and
E2 result in EA channels E1 ⊗ E2?’ Then, we consider
amplitude-damping and generalized amplitude-damping
channels as the most prominent representatives of non-
unital channels. In Sec. VI we remind that the set of
all two-qubit EA channels (including non-local ones) is
convex [19]. This fact motivates us to find EA-extremal
channels and determine their position with respect to the
set of all two-qubit channels and its extreme points. In
Sec. VII we find it quite interesting to reveal and briefly
outline an EA-duality between subsets of local channels.
Finally, we summarize the obtained results in Sec. VIII.
II. PROPERTIES OF EA-CHANNELS
To begin with, we epitomize some basic properties of
general EA-channels found in Ref. [19]:
1◦ The set TEA of all EA channels (including non-local
ones) is convex.
2◦ The channel is EA if and only if it destroys entan-
glement of all pure input states.
3◦ If G12 is EA (local or non-local), then G12 · F12 is
EA for all two-qubit channels F12.
4◦ The channels E1 ⊗ E2 and E2 ⊗ E1 exhibit the same
entanglement-annihilating behavior.
5◦ If E1 or E2 is EB, then E1 ⊗ E2 is EA. This fol-
lows immediately from the definitions of EA and
EB channels.
6◦ The channel E ⊗ I is EA if and only if E is EB.
7◦ If E is 2-LEA and F is EB, then the convex com-
bination µE + (1− µ)F is 2-LEA, µ ∈ [0, 1].
The last property was not shown in Ref. [19]. In order
to prove it recall the definition of 2-LEA channels from
the previous section. Suppose now the composite channel
µ2E ⊗E+µ(1−µ)E ⊗F+µ(1−µ)F⊗E+(1−µ)2F⊗F .
Then the channel E ⊗E is EA by definition of the 2-LEA
channel E , the rest channels E ⊗F , F⊗E , and F ⊗F are
EA in view of property 5◦. The convexity property 1◦
concludes the proof of property 7◦.
Is is worth mentioning that E1⊗E2 is EB if and only if
both E1 and E2 are EB. Thus, if the local channel E1⊗E2
is EB then it is also EA by property 5◦.
III. CASE STUDY: DEPOLARIZING
CHANNELS
The action of a depolarizing channel on jth qubit (j =
1, 2) is defined as follows
Ej [X ] = qjX + (1− qj)tr[X ] 1
2
I, (1)
where qj ∈ [− 13 , 1] and I denotes the identity operator.
As a result of such noise the Bloch spheres of individual
qubits symmetrically shrink (in all directions). The class
of these channels was used in Ref. [19] to show the exis-
tence of not entanglement-breaking 2-LEA channels. In
this section we will analyze the properties of depolarizing
channels of a slightly more general form E1 ⊗ E2. Each
channel Ej is known to be EB if and only if qj ≤ 13 (see,
e.g., [23]). If qj ≤ 13 then the j-th qubit becomes dis-
entangled from arbitrary environment including the rest
qubit. Therefore, the two-qubit channel E1 ⊗ E2 is EB if
and only if simultaneously q1 ≤ 13 and q2 ≤ 13 .
Let us find out when E1 ⊗ E2 is EA and destroys
any entanglement between qubits. We resort to prop-
erty 2◦ and consider pure input states ω = |ψ〉〈ψ|.
We use the Schmidt decomposition of the state vector
|ψ〉 = √p|ϕ ⊗ χ〉 + √p⊥|ϕ⊥ ⊗ χ⊥〉, where {|ϕ〉, |ϕ⊥〉}
and {|χ〉, |χ⊥〉} are suitable orthornormal bases of the
first and the second qubit, respectively, p and p⊥ are real
nonnegative numbers such that p+ p⊥ = 1.
Action of the two-qubit channel E1⊗E2 on the state ω
yields
ωout = (E1 ⊗ E2)[ω] = q1q2ω + 1
2
(1 − q1)q2I ⊗ ω2
+
1
2
q1(1− q2)ω1 ⊗ I + 1
4
(1− q1)(1 − q2)I ⊗ I, (2)
with the reduced states ω1 = p|ϕ〉〈ϕ| + p⊥|ϕ⊥〉〈ϕ⊥| and
ω2 = p|χ〉〈χ| + p⊥|χ⊥〉〈χ⊥|. According to the Peres-
Horodecki criterion [26, 27], the output state ωout is sepa-
rable if the partially transposed operator ωΓout is positive-
semidefinite. The condition ωΓout ≥ 0 reduces to∣∣∣∣ A+B CC A−B
∣∣∣∣ = A2 −B2 − C2 ≥ 0, (3)
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FIG. 1: Entanglement-annihilating (EA) and entanglement-
breaking (EB) local two-qubit channels E1 ⊗ E2 composed of
depolarizing channels Ej [X] = qjX+(1−qj)tr[X] 12 I , j = 1, 2.
Dashed lines depict regions where at least one of the channels
E1 or E2 is EB, and E1 ⊗ E2 is EA (see property 5◦). Dotted
line depicts the region, where both E21 and E22 are EB, i.e.
E1 ⊗ E2 is EA (see Corollary 1).
where A = 1 − q1q2, B = (2p − 1)(q1 − q2), and C =
4q1q2
√
pp⊥ = 4q1q2
√
p(1− p). After simplification we
obtain
(1+q1q2)(1−3q1q2)+4
(
p− 12
)2 [
4q21q
2
2 − (q1 − q2)2
] ≥ 0.
The channel in question is EA if this inequality holds for
all p ∈ [0, 1]. If 2|q1q2| ≥ |q1 − q2|, then the minimum in
p is achieved for p = 12 and we end up with the inequality
(1+q1q2)(1−3q1q2) ≥ 0. Taking into account that − 13 ≤
q1, q2 ≤ 1, this inequality holds whenever q1q2 ≤ 13 . If
2|q1q2| < |q1 − q2|, then the minimum is achieved for
p = 0, or p = 1, and for this case the inequality takes the
form (1− q21)(1− q22) ≥ 0, which is always satisfied for all
allowed values of q1, q2.
In summary, the channel E1 ⊗ E2 is entanglement an-
nihilating if and only if q1q2 ≤ 13 . On the contrary, such
a two-qubit channel is EB only if and only if simultane-
ously q1 ≤ 13 and q2 ≤ 13 (see Fig. 1).
IV. UNITAL CHANNELS
In this section we will focus our investigation on the
class of qubit unital channels. By definition a channel is
unital if it preserves the identity operator, i.e. E [I] = I.
As it was shown in Ref. [28] any such channel can be
expressed as a diagonal matrix (acting on Bloch vec-
tors) in a properly chosen basis of self-adjoint operators
{σ0 ≡ I, σ1, σ2, σ3}, where tr[σjσk] = 2δjk and δjk is the
conventional Kronecker delta symbol. Channels of this
(diagonal) form are also known as Pauli channels.
It follows that the channel E1 ⊗ E2, where E1 and E2
are unital single-qubit channels, has a diagonal matrix
representation in the basis of individual Pauli operators
{σm ⊗ σ′n}3m,n=0. In particular, the entries of the matrix
representation of E1 ⊗ E2 read
1
4
tr[σk ⊗ σ′l (E1 ⊗ E2)[σm ⊗ σ′n]] = λmλ′nδkmδln,
where λ0 = λ
′
0 = 1 in view of the trace-preserving prop-
erty, {λm}3m=1 and {λ′n}3n=1 are singular values of the
channels E1 and E2, respectively. The output state of the
local two-qubit unital channel E1 ⊗ E2 takes the form
ρout =
1
4
3∑
m,n=0
λmλ
′
ntr[ρinσm ⊗ σ′n]σm ⊗ σ′n. (4)
For each unital qubit channel E we introduce a unital
map E with λ0 = 1 and singular values {−λm}3m=1, where
{λm}3m=1 are singular values of the original channel E .
Note that the map E is positive and trace preserving
but not necessarily completely positive. This means that
E [ρ] ≥ 0 for all qubit density operators ρ, whereas (E ⊗
I)[ρin] can, in principle, have negative eigenvalues for
some two-qubit density operators ρin.
The entanglement-annihilating behavior of local two-
qubit unital channels E1⊗E2 is governed by the following
Lemma.
Lemma 1. Let E1 and E2 be unital qubit channels. The
two-qubit channel E1 ⊗ E2 is EA if and only if the maps
E1 ⊗ E2 and E1 ⊗ E2 are positive.
Proof. Separability of the output state (4) of the channel
E1 ⊗ E2 can be checked by the reduction criterion [29],
which turns out to be a necessary and sufficient sepa-
rability condition for two-qubit systems. Assuming that
the channel E1⊗E2 is entanglement-annihilating, the two-
qubit state ρout is separable, thus, in accordance with the
reduction crierion the following conditions hold
tr2[ρout]⊗ I−ρout ≥ 0 and I⊗ tr1[ρout]−ρout ≥ 0, (5)
where tr1[·] and tr2[·] denote partial traces over the first
and the second qubit, respectively. Since,
(E1 ⊗ E2)[̺in] = tr2[ρout]⊗ I − ρout ;
(E1 ⊗ E2)[̺in] = I ⊗ tr1[ρout]− ρout ,
the above separability conditions are equivalent with pos-
itivity of the maps E1 ⊗ E2 and E1 ⊗ E2, respectively.
Before we explore the consequences of Lemma 1 and
derive some properties of local two-qubit unital channels
E1 ⊗ E2, let us make some remarks about single-qubit
unital channels. A qubit unital map E with singular val-
ues {λm}3m=1 is indeed a channel (i.e. completely pos-
itive trace-preserving map) if 1 + λ1 + λ2 + λ3 ≥ 0,
41 + λ1 − λ2 − λ3 ≥ 0, 1 − λ1 + λ2 − λ3 ≥ 0, and
1−λ1−λ2+λ3 ≥ 0. These four inequalities define a tetra-
hedron in the conventional reference frame (λ1, λ2, λ3) in
R3 (see Fig. 2). The channel E is known to be EB if
and only if |λ1| + |λ2| + |λ3| ≤ 1 [28]. This inequality
corresponds to the octahedron in Fig. 2.
Let us note that E is a quantum channel if and only if E
is entanglement-breaking. That is, Lemma 1 guarantees
that E1⊗E2 is EA if E1 or E2 is EB, which is in agreement
with the property 5◦. Nevertheless, the channel E1 ⊗ E2
can be EA even if neither E1 nor E2 is EB. The following
proposition gives a sufficient condition for E1 ⊗ E2 being
entanglement-annihilating.
Proposition 1. Suppose E1, E2 are unital qubit channels
such that E21 and E22 are entanglement-breaking channels,
i.e.
∑3
m=1 λ
2
m ≤ 1 and
∑3
n=1 λ
′
n
2 ≤ 1. Then E1 ⊗ E2 is
an entanglement-annihilating channel.
Proof. Consider the map E1 ⊗ E2. Let us demonstrate
that (E1 ⊗ E2)[ρin] ≥ 0 for all two-qubit input states ρin.
In view of convexity of the state space it suffices to show
that (E1 ⊗ E2)[|ψ〉〈ψ|] ≥ 0 for all pure two-qubit states
|ψ〉.
Any state |ψ〉 is given by its Schmidt decomposi-
tion
√
p|ϕ ⊗ χ〉 + √p⊥|ϕ⊥ ⊗ χ⊥〉, where p, p⊥ ≥ 0 and
p + p⊥ = 1, the orthonormal basis {|ϕ〉, |ϕ⊥〉} can be
parameterized by the angles θ ∈ [0, π] and φ ∈ [0, 2π] as
follows:
|ϕ〉 =
(
cos(θ/2) exp(−iφ/2)
sin(θ/2) exp(iφ/2)
)
, (6)
|ϕ⊥〉 =
( − sin(θ/2) exp(−iφ/2)
cos(θ/2) exp(iφ/2)
)
, (7)
and the basis {|χ〉, |χ⊥〉} is obtained from formulas (6)–
(7) by replacing |ϕ〉 → |χ〉, |ϕ⊥〉 → |χ⊥〉, θ → θ′, and
φ→ φ′.
The map E1 ⊗ E2 transforms |ψ〉〈ψ| into the operator
1
4
{
I⊗I−(n·σ)⊗(n′·σ′)−(p−p⊥) [(n·σ)⊗I − I⊗(n′·σ′)]
−2√pp⊥ [(k·σ)⊗(k′·σ′)−(l·σ)⊗(l′·σ′)]
}
, (8)
where (n·σ) = n1σ1+n2σ2+n3σ3 and vectors n,k, l ∈ R3
are expressed through singular values {λm}3m=1 of the
channel E1 by formulas
n = (λ1 cosφ sin θ, λ2 sinφ sin θ, λ3 cos θ), (9)
k = (−λ1 cosφ cos θ,−λ2 sinφ cos θ, λ3 sin θ), (10)
l = (λ1 sinφ,−λ2 cosφ, 0). (11)
The vectors n′,k′, l′ are obtained from (9), (10), (11),
respectively, by replacing λ→ λ′, θ → θ′, and φ→ φ′.
Both sets of vectors {n,k, l} and {n′,k′, l′} have a par-
ticular property
|n|2 + |k|2 + |l|2 =∑3m=1 λ2m ≤ 1, (12)
|n′|2 + |k′|2 + |l′|2 =∑3n=1 λ′n2 ≤ 1 (13)
thanks to the statement of the proposition.
The output state (8) is positive semi-definite if and
only if its average 〈ρout〉 ≥ 0 for all two-qubit states. In
other words, we want to show that the inequality〈
I⊗I−(n·σ)⊗(n′·σ′)〉 ≥ (p−p⊥)〈(n·σ)⊗I − I⊗(n′·σ′)〉
+2
√
pp⊥
〈
(k·σ)⊗(k′·σ′)−(l·σ)⊗(l′·σ′)〉 (14)
holds true for any averaging state. Since (p − p⊥)2 +
(2
√
pp⊥)2 = (p + p⊥)2 = 1, one can treat (p − p⊥)
as cosα and 2
√
pp⊥ as sinα. Due to the fact that
maxα(A cosα+B sinα) =
√
A2 +B2, the inequality (14)
if fulfilled whenever〈
I⊗I−(n·σ)⊗(n′·σ′)〉2 ≥ 〈(n·σ)⊗I − I⊗(n′·σ′)〉2
+
〈
(k·σ)⊗(k′·σ′)−(l·σ)⊗(l′·σ′)〉2 (15)
or, equivalently,〈(
I+(n·σ))⊗(I−(n′·σ′))〉〈(I−(n·σ))⊗(I+(n′·σ′))〉 ≥〈
(k·σ)⊗(k′·σ′)−(l·σ)⊗(l′·σ′)〉2. (16)
Taking into account that |ϕ⊗ χ〉, |ϕ⊗ χ⊥〉, |ϕ⊥ ⊗ χ〉,
and |ϕ⊥ ⊗ χ⊥〉 are all eigenvectors of the operators in
the left hand side of (16) and using the Cauchy-Schwarz
inequality (CS) in the form 〈X†X〉〈Y †Y 〉 ≥ |〈X†Y 〉|2,
one can readily see that〈(
I+(n·σ))⊗(I−(n′·σ′))〉〈(I−(n·σ))⊗(I+(n′·σ′))〉≥
CS
(1− |n|2)(1− |n′|2) ≥
(12),(13)
(|k|2 + |l|2)(|k′|2 + |l′|2)≥
(|k||k′|+ |l||l′|)2 ≥ 〈(k·σ)⊗(k′·σ′)−(l·σ)⊗(l′·σ′)〉2. (17)
Thus, (12)∧(13)⇒(17)⇒(16)⇔(15)⇒(14)⇒ E1 ⊗ E2 is
a positive map. In the same way, E1⊗E2 is also a positive
map. According to Lemma 1, the channel E1 ⊗ E2 is
EA.
Note that Proposition 1 provides the sufficient but not
necessary condition for the channel E1⊗E2 to be EA. For
instance, in case of two depolarizing channels E1 and E2
from Sec. III, the channels E21 and E22 are EB if q1 ≤ 1√3
and q2 ≤ 1√3 , respectively. It means that E1 ⊗ E2 is EA
if q1, q2 ≤ 1√3 . The corresponding area of parameters
(q1, q2) is depicted in Fig. 1, which illustrates the ‘power’
of Proposition 1. However, in case of identical environ-
ments, i.e. E1 = E2 = E , the use of Proposition 1 provides
sufficient and necessary condition for E ⊗ E to be EA.
Proposition 2. A unital qubit channel E is 2-LEA if
and only if the channel E2 is EB, i.e. λ21 + λ22 + λ23 ≤ 1.
Proof. The condition {E2 is EB} is sufficient due to
Proposition 1. It turns out to be also necessary if we
consider Bell states, e.g., |ψ+〉 = 1√2 (|00〉 + |11〉). It is
readily seen that the operator ((E ⊗ E)[|ψ〉〈ψ|])Γ is posi-
tive semi-definite if and only if λ21 +λ
2
2 + λ
2
3 ≤ 1. On the
other hand, {λ2i }3i=1 are eigenvalues of E2 and their sum
is less or equal than 1, i.e. E2 is EB [23].
5An illustration of 2-LEA unital channels E in the
conventional reference frame {λ1, λ2, λ3} is presented in
Fig. 2. Points outside the tetrahedron do not satisfy the
complete positivity of E . Points outside the sphere do
not correspond to 2-LEA channels, which can be easily
checked by Bell states. Both the sphere and tetrahedron
comprise an octahedron of EB single-qubit channels E
with |λ1| + |λ2| + |λ3| ≤ 1. Since intersection of the
sphere and tetrahedron is a convex body, we have just
revealed an interesting property:
Proposition 3. The set of 2-LEA unital qubit channels
is convex, i.e. if E1 and E2 are 2-LEA, then µE1+(1−µ)E2
is also 2-LEA for all µ ∈ [0, 1].
Proof. Despite this fact is evident from geometrical con-
sideration, it also follows from the relation
(
µE1 + (1 −
µ)E2
)⊗(µE1+(1−µ)E2) = µ2E1⊗E1+µ(1−µ)E1⊗E2+
(1 − µ)µE2 ⊗ E1 + (1 − µ)2E2 ⊗ E2. As channels E1 ⊗ E1
and E2⊗E2 are EA by a statement of the involved Propo-
sition, the channels E21 and E22 are EB by Proposition 2.
Due to Proposition 1 both E1 ⊗ E2 and E2 ⊗ E1 are EA.
Then we use property 1◦ to conclude the proof.
One more property immediately follows from Proposi-
tions 1 and 2:
Corollary 1. If E1 and E2 are unital 2-LEA qubit chan-
nels, then E1 ⊗ E2 is EA.
We can make an interesting observation from Fig. 2,
namely, phase-damping channels (forming the edges of
the tetrahedron) preserve entanglement unless they con-
tract the whole Bloch sphere into a line.
Let us now analyze unital channels E1 ⊗ E2 such that
neither E1, nor E2 is a 2-LEA channel (i.e. both E1 and
E2 are outside the sphere in Fig. 2). Surprisingly, it turns
out that E1⊗E2 can still be EA as it is demonstrated by
the following example.
Example 1. Suppose E1 = diag{1, 120 , 120 , 1} and E2 =
diag{1, 23 , 23 , 23}. Let us demonstrate that E1 ⊗ E2 is EA
although neither E1, nor E2 is 2-LEA. We note that
the channel in question can be represented in the form
E1 ⊗ E2 = G · F , where G = 34G1 ⊗ I + 14I ⊗ G2,
G1 = diag{1, 0, 0, 1}, G2 = diag{1, 13 , 13 , 13}, and the two-
qubit map F is defined by its matrix representation
1
4 tr[σk ⊗ σ′lF [σm ⊗ σ′n]] = Fmnδkmδln with F0n = F3n =
(4+δn0)/5, F1n = F2n = (2−δn0)/5. By considering the
Choi matrix of the map F , it is not hard to see that F is a
channel indeed, i.e. completely positive trace-preserving
map. As both G1 and G2 are EB, the channels G1 ⊗ I
and I ⊗ G2 are EA by property 5◦. Hence G is EA by
property 1◦ and G ·F is EA by property 3◦. The equality
E1 ⊗ E2 = G · F completes the proof.
A natural question to ask is under which conditions
on E1 and E2 the channel E1 ⊗ E2 is entanglement-
annihilating. The following proposition formulates a suf-
ficient condition for the converse statement.
FIG. 2: Intersection of the tetrahedron and the ball is a set
of 2-LEA unital qubit channels E , i.e. such channels E that
E ⊗E is EA. The octahedron inside the sphere represents EB
qubit channels.
Proposition 4. Consider qubit unital channels E1 and
E2 with singular values λ = (λ1, λ2, λ3) and λ′ =
(λ′1, λ
′
2, λ
′
3), respectively. If λ ·λ′ > 1, then E1⊗E2 is not
entanglement-annihilating channel.
Proof. The channel E1⊗E2 preserves entanglement of the
Bell state |ψ+〉 = 1√2 (|00〉+ |11〉) when the matrix
ρΓout = ((E1 ⊗ E2)[|ψ+〉〈ψ+|])Γ =
1
4


1 + λ3λ
′
3 0 0 λ1λ
′
1−λ2λ′2
0 1− λ3λ′3 λ1λ′1+λ2λ′2 0
0 λ1λ
′
1+λ2λ
′
2 1− λ3λ′3 0
λ1λ
′
1−λ2λ′2 0 0 1 + λ3λ′3


has negative eigenvalues. It takes place if λ1λ
′
1 + λ2λ
′
2 +
λ3λ
′
3 ≡ λ · λ′ > 1. In view of the Peres-Horodecki crite-
rion [26, 27], the output state ρout remains entangled.
Let us note that this proposition is very efficient, e.g.,
for depolarizing channels from Sec. III we immediately
have not-EA channel E1 ⊗ E2 if q1q2 > 13 . Remind that
q1q2 =
1
3 is a boundary between EA and not-EA behavior
of depolarizing channels.
Our goal was to give a complete picture of unital two-
qubit channels of the form E1 ⊗ E2. Our findings are
graphically summarized in Fig. 3. Based on this figure
one could argue that the property of being entanglement-
annihilating is not something rare and the noises should
be relatively close to unitary ones (or, equivalently, suf-
ficiently far from complete depolarization) in order to
guarantee the conservation of some entanglement.
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FIG. 3: Schematic illustration of unital two-qubit channels of
the factorized form E1⊗E2 with respect to the entanglement-
annihilating behavior. Each axis is divided into three classes
of unital single-qubit channels: EB, 2-LEA, and others.
V. NON-UNITAL CHANNELS
In this section we present a case study of a specific
class of non-unital qubit channels. In particular, we are
interested which of the statements valid in the case of
unital channels can be generalized also to non-unital case.
A. Factorized extremal channels
A channel is extremal if it cannot be expressed as a
convex combination of some other channels. A typical
example is unitary channels, which are the only extremal
unital qubit channels. All others are non-unital and in-
clude, for example, the families of amplitude-damping
channels Ap,0 and Ap,1 considered in the next subsec-
tion.
Suppose constituents of the channel E1 ⊗ E2 can be
written as nontrivial convex sums of other channels, i.e.
Ej = µjFj + (1 − µj)Gj , j = 1, 2. Apparently, E1 ⊗ E2
is then also a convex combination of factorized channels
Fj ⊗Gk and Gj ⊗Fk, j, k = 1, 2. If such factorized chan-
nels are EA, then E1 ⊗ E2 is EA by property 1◦. This
analysis stimulates us to consider the extreme case of
channels E1 ⊗ E2, where neither E1 nor E2 cannot be re-
solved into nontrivial convex combinations.
As it was shown in the seminal paper [28] by Ruskai
et al., any extremal qubit channel can be expressed in an
apropriate basis as a matrix


1 0 0 0
0 cosu 0 0
0 0 cos v 0
sinu sin v 0 0 cosu cos v

 , (18)
where u ∈ [0, 2π) and v ∈ [0, π).
At first we remind when an extremal qubit channel E
of the form (18) is entanglement-breaking. Let |ψ〉 be a
maximally entangled two-qubit state. Applying PPT cri-
terion to the Choi-Jamio lkowski state (E ⊗I)[|ψ+〉〈ψ+|],
we find that E is EB if and only if cosu = 0 or cos v = 0.
In what follows we will use the fact that in formula
(18) the entries cos v and sinu sin v can simultaneously be
made non-negative by an appropriate choice of basis op-
erators {σi}3i=0. The singular values cosu and cosu cos v
have the same sign (either positive or negative).
Proposition 5. Suppose E1, E2 are extremal qubit chan-
nels. Then E1⊗E2 is EA if and only if either E1 or E2 is
EB.
Proof. If either E1 or E2 is EB, then E1⊗E2 is EA in view
of property 5◦. Let us now prove that the channel E1⊗E2
is not entanglement-annihilating if neither E1 nor E2 is
EB, i.e. cosu1 cos v1 cosu2 cos v2 6= 0, where parameters
(uj , vj) define the channel Ej according to formula (18).
Without loss of generality it can be assumed that
| cosuj| ≥ | cos vj |, j = 1, 2. Consider the input state
|ψin〉 = 1√2
(|ϕ ⊗ χ〉 + |ϕ⊥ ⊗ χ⊥〉), where the orthogonal
qubit states {|ϕ〉, |ϕ⊥〉} and {|χ〉, |χ⊥〉} are parameter-
ized by angles (θ1, φ1) and (θ1, φ2), respectively, as in
Proposition 1 (see formulas (6)–(7)). We put φj = 0 and
choose the angles θj such that
cos θj =
sinuj cos vj
cosuj sin vj
, sin θj =
(cos2uj − cos2vj)1/2
cosuj sin vj
,
then E1[|ϕ〉〈ϕ|] and E2[|χ〉〈χ|] are known to be pure
states [28].
The reduction criterion (5) guarantees that the channel
E1 ⊗ E2 is not EA if the operator
M = tr2
[
(E1 ⊗ E2)[|ψin〉〈ψin|]
]⊗ I − (E1 ⊗ E2)[|ψin〉〈ψin|]
(19)
is not positive semi-definite. This takes place if there ex-
ists a two-qubit state |ψtest〉 such that 〈ψtest|M |ψtest〉 <
0.
Let us construct a one-parametric family of candidates
|ψp〉, p ∈ [0, 1] for the state |ψtest〉. To do that we use
the pure states |ξ〉〈ξ| = E1[|ϕ〉〈ϕ|] and |ζ〉〈ζ| = E2[|χ〉〈χ|]
and write |ψp〉 = √p|ξ ⊗ ζ〉 +
√
1− p|ξ⊥ ⊗ ζ⊥〉. Direct
calculation yields
4〈ψp|M |ψp〉 = 1− sin2u1 sin2u2 − cos2u1 cos2u2
−(1− 2p)(sin2u1 − sin2u2)− 4
√
p(1− p)
(
cos v1 cos v2
+sinu1sinu2
[
(cos2u1−cos2v1)(cos2u2−cos2v2)
]1/2)
.(20)
The state |ψtest〉 is then equal to such |ψp〉 that minimizes
the expression (20). By a remark before the Proposition
involved, sinuj ≥ 0 and cos vj ≥ 0, j = 1, 2. Since
(1 − 2p)2 + (2
√
p(1− p))2 ≡ 1, the minimum of (20) is
achievable and reads
4〈ψtest|M |ψtest〉 = 1− sin2u1 sin2u2 − cos2u1 cos2u2
−
{
(sin2u1 − sin2u2)2 + 4
(
cos v1 cos v2
+sinu1 sinu2
[
(cos2u1−cos2v1)(cos2u2−cos2v2)
]1/2 )2}1/2
.
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FIG. 4: Schematic illustration of factorized extremal two-
qubit channels E1 ⊗ E2 with respect to the entanglement-
annihilating behavior. Each axis is divided into two classes
of extremal single-qubit channels: EB that is equivalent to
2-LEA, and others.
It is not hard to see that the inequality
〈ψtest|M |ψtest〉 < 0 is equivalent to
sinu1 sinu2
√
(cos2u1−cos2v1)(cos2u2−cos2v2)
+ cos v1 cos v2 > | sinu1 sinu2 cosu1 cosu2|,
which is fulfilled for non-negative sinuj and cos vj when-
ever cosu1 cosu2 cos v1 cos v2 6= 0 because
√
1− t2 > 1−t
for all t ∈ (0, 1). Thus, the operator (19) is not positive
semi-definite and the channel E1 ⊗ E2 is not EA.
Corollary 2. Suppose E is an extremal qubit channel.
Then E ⊗ E is EA, hence E is 2-LEA, if and only if E is
EB.
Using results of Proposition 5, we can present a com-
plete picture (Fig. 4) of factorized extremal channels ana-
logues to that of unital channels (Fig. 3). Comparison of
two figures gives a clear insight that factorized extremal
channels exhibit the best possible entanglement preserv-
ing properties.
B. Generalized amplitude-damping channels
Amplitude-damping channels describe how a two-level
system approaches the equilibrium due to coupling with
its environment, e.g., thanks to a spontaneous emission
process at zero temperature. If the environment has a
finite temperature, then such a dissipation process is de-
scribed by the action of a generalized amplitude-damping
channel (see, e.g., [30]).
Kraus operators for a generalized amplitude-damping
channel Ap,γ have the form
E0 =
√
γ
(
1 0
0
√
1− p
)
, E1 =
√
γ
(
0
√
p
0 0
)
,
E2 =
√
1− γ
( √
1− p 0
0 1
)
, E3 =
√
1− γ
(
0 0√
p 0
)
,
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FIG. 5: (a) Regions of parameters p and γ, where the gen-
eralized amplitude-damping channel E is definitely not 2-
LEA (violet) or E is 2-LEA for sure (EB, red solid line).
Dotted curve presents a symbolic boundary between two re-
gions and seems to coincide with the solid curve. (b) 2-LEA
characterization of the generalized amplitude-damping chan-
nels E with γ = 1/2. Such channels are unital and cor-
respond to infinite temperature. Family of these channels
(p ∈ [0, 1]) is depicted among other unital channels in the
cut λ1 = λ2 of the conventional reference frame (λ1, λ2, λ3).
Transition from 2-LEA to not 2-LEA behavior happens at
point P = (
√√
2− 1,
√√
2− 1,√2− 1).
where p ∈ [0, 1] determines the amplitude-damping rate
and γ ∈ [0, 1] is a parameter that depends on the tem-
perature and defines a fixed (equilibrium) state of Ap,γ
ρ∞ =
(
γ 0
0 1− γ
)
.
If γ = 0 or γ = 1, then Ap,γ is simply an amplitude-
damping channel. As it is mentioned above in Sec. VA,
amplitude-damping channels Ap,0 and Ap,1 are extremal,
thus obeying Proposition 5. A channel Ap1,0 ⊗ Ap2,0 is
EA if and only if p1 = 1 or p2 = 1, i.e. when at least
one of the constituent channels contracts the whole Bloch
sphere into a single pure state.
Let us now move on to generalized amplitude-damping
channels Ap,γ . We note that Ap,γ = γAp,1+(1−γ)Ap,0.
Since Ap,γ is a convex combinations of two amplitude-
damping channels (extremal qubit channels), we expect
Ap1,γ1 ⊗Ap2,γ2 to exhibit worse entanglement preserving
properties than factorized extremal channels. We can
expect that the closer weights of two channels (the closer
γ to 12 ) the stronger the entanglement annihilation is.
Firstly, we note that the channel Ap,γ is entanglement-
breaking if p ≥ (
√
1 + 4γ(1− γ) − 1)/2γ(1 − γ). Let
us remind that a channel is EB if and only if its Choi-
Jamio lkowski state is separable and for two qubits one
can employ the PPT criterion to verify the separabil-
ity. In particular, for γ = 0 (zero bath temperature) the
channel Ap is EB only if p = 1, hence, it contracts the
whole Bloch sphere into the equilibrium state.
Secondly, if we focus on 2-LEA channels, then it turns
out that E ⊗ E preserves entanglement of the state |ψ+〉
if p ≤ (1 −
√
2γ(1− γ))/(1 − 2γ(1 − γ)). These results
are shown in Fig. 5a, where the dotted line depicts a
symbolic boundary between EA and not EA channels.
8The numerical analysis encourages to assume that this
boundary coincides with the solid line.
Thirdly, if γ = 1/2, then E becomes unital. In this case
to conclude EA of the channel E⊗E it suffices to consider
its action of on the maximally entangled state, e.g., |ψ+〉.
Illustration of such unital channels with respect to other
unital channels is presented in Fig. 5b.
Finally, we can draw a conclusion that a picture of
the entanglement-annihilation behavior of generalized
amplitude-damping channels takes an intermediate form
between the unitary two-qubit channels (Fig. 3) and the
factorized extremal channel (Fig. 4).
VI. EA-EXTREMAL LOCAL CHANNELS
Convexity is an important property of many channel
sets. Thus, the set of all qubit channels T2 and the set of
all EB qubit channels TEB are convex. Extreme points of
these sets are studied in Refs. [28] and [24], respectively.
Extreme points of the set of EB channels are referred to
as EB-extremal. It is shown in the paper [24], that in
qubit case all EB-extremal single-qubit channels can be
represented in the form
F [ρ] = 〈ψ|ρ|ψ〉|ϕ1〉〈ϕ1|+ 〈ψ⊥|ρ|ψ⊥〉|ϕ2〉〈ϕ2|, (21)
where |ψ〉, |ψ⊥〉, |ϕ1〉, |ϕ2〉 are pure qubit states and
〈ψ|ψ⊥〉 = 0.
If we consider general two-qubit channels (not neces-
sarily local), then along with the set of all channels Tchan
and the set of EB two-qubit channels there is a set of all
EA channels TEA which is also convex (property 1
◦). The
question arises itself to find extreme points of this set, i.e.
channels that are extreme for two-qubit EA channels. We
will refer to such channels as EA-extremal. The following
proposition provides EA-extremal channels of factorized
form.
Proposition 6. Let F be EB-extremal one-qubit chan-
nel, then the channels F ⊗ I, I ⊗ F are EA-extremal.
Proof. Let us now prove the statement of Proposition
by reductio ad absurdum. Suppose F ⊗ I is not EA-
extremal, i.e. there exist two non-coincident EA chan-
nels G1 and G2 such that F ⊗ I = µG1 + (1 − µ)G2,
where µ ∈ [0, 1]. Using the Choi-Jamio lkowski isomor-
phism [31, 32], the latter equation can be rewritten as
ρF ⊗ P+ = µω1 + (1 − µ)ω2, where P+ is a 1-rank
projector onto maximally entangled state |ψ+〉. Tak-
ing partial trace over the first subsystem A, we get
P+ = µtrA[ω1]+(1−µ)trA[ω2], from which it follows that
trA[ω1] = trA[ω2] = P+. Consequently, ωj = ρj ⊗ P+,
j = 1, 2, because if a subsystem is in a pure state, then it
is necessarily factorized from any other system. As a re-
sult we may conclude that F⊗I = (µE1+(1−µ)E2)⊗I,
where Ej ⊗ I is EA, i.e. Ej is EB, j = 1, 2 (prop-
erty 6◦). Since F is EB-extremal, then the relation
F = µE1+(1−µ)E2 can be only fulfilled if E1 = E2 = F ,
i.e. G1 = G2. This contradiction concludes the proof.
Let us stress two points. Firstly, the identity chan-
nel in the proposition can be replaced by any unitary
channel. Secondly, this proposition is not a special case
of Proposition 5, because there we assume channels E1
and E2 to be extremal in the set of all qubit channels
T2, whereas in Proposition 6 the local channel F is as-
sumed to be EB-extremal. In particular, if both E1, E2
are extremal and EB, then E1 ⊗ E2 is simultaneuously
extremal, EB-extremal and EA-extremal. The follow-
ing example demonstrates the existence of EA-extremal
channels that are not extreme points of the set of all
two-qubit channels Tchan.
Example 2. Consider a phase damping channel F [̺] =
1
2 (̺+ σz̺σz). Clearly, this channel is unital and not ex-
tremal in the set of all channels. Nevertheless, its action
can be expressed also as
F [̺] = 〈0|ρ|0〉|0〉〈0|+ 〈1|ρ|1〉|1〉〈1| .
This means the phase-damping channel is an extreme
point of the set of entanglement-breaking channels,
hence, it is EB-extremal [24]. Then by Proposition 6 the
two-qubit channels F ⊗ I and I ⊗ F are EA-extremal.
VII. EA-DUALITY
In this section we will employ the idea of entanglement-
annihilation to introduce the concept of EA-duality for
local channels. Let us denote by Td the set of chan-
nels on a d-dimensional (non-composite) quantum sys-
tem (qudit). Let Q ⊂ Td be an arbitrary subset of qudit
channels. A subset Q˜n ⊂ Tn is called n-EA-dual to Q if
E1 ⊗ E2 is EA for all E1 ∈ Q and E2 ∈ Q˜n. To be more
precise,
Q˜n = {E2 ∈ Tn | E1 ⊗ E2 is EA for all E1 ∈ Q}. (22)
When it is clear from the context we will omit the explicit
mentioning of the dimensions and say Q˜ is EA-dual to Q.
Using this concept, we may rephrase the goal of this
paper as an identification of the set of channels Tent ⊂ T2
such that EA-duals of all its elements coincide with the
set of entanglement-breaking channels, i.e. {˜E} = TEB
for all E ∈ Tent. Let us note that for any Q its EA-
dual Q˜ contains the entanglement-breaking channels, i.e.
TEB ⊂ Q˜. It is also clear that Q˜ ⊂ {˜E} providing that
E ∈ Q.
Example 3. Let us clarify the introduced concept on
some examples:
• For unitary channels U [̺] = U̺U∗ the EA-dual co-
incides with EB qubit channels, i.e. {˜U} = TEB ⊂
Tn, which means that the system under consider-
ation is maximally robust in sharing the entangle-
ment unless an entanglement-breaking channel is
applied on the second system.
9• For the set TEB of entanglement-breaking chan-
nels the EA-dual set equals to the set of all chan-
nels, i.e. T˜EB = Tn. This only illustrates the
fact that entanglement-breaking channels destroy
any entanglement between the system under con-
sideration and whatever second system. For each
entanglement-breaking channel E its EA-dual con-
tains all channels, i.e. {˜E} = Tn.
• The EA-dual of all channels is the set of
entanglement-breaking channels, i.e. T˜d = TEB ⊂
Tn. Providing that d = n we can write
˜˜
Td = Td.
Fixing d and n the dual sets obviously satisfy the fol-
lowing properties:
Q1 ⊂ Q2 ⇒ Q˜1 ⊃ Q˜2, (23)
˜(Q1 ∪ Q2) = Q˜1 ∩ Q˜2, (24)
˜(Q1 ∩ Q2) ⊃ Q˜1 ∪ Q˜2. (25)
The results presented in the previous sections con-
tain partial answers to EA-duality sets for 2-LEA qubit
channels, or depolarizing qubit channels, or amplitude-
damping qubit channels, etc. However, further analysis
is beyond the scope of this paper and the full characteri-
zation of EA-duals of these and other interesting subsets
of qubit channels remains an open problem.
VIII. SUMMARY
In this paper we have investigated the robustness of
entanglement in two-qubit (spatially separated) systems
under the influence of independent reservoirs. In par-
ticular, we paid attention to characterization of the so-
called entanglement-annihlating (EA) channels. These
are the channels that completely annihilate any entangle-
ment initially present between the subsystems. In con-
trast, the so-called entanglement-breaking channels (EB)
destroy any entanglement between the system they act
on (two-qubit system in our case) and any other system.
The dramatic differences, but also subtle relations, be-
tween these two concepts were discovered for particular
classes of channels.
We succeeded to characterize all unital two-qubits
entanglement-annihilating channels of the factorized
form E1 ⊗ E2 and the results are nicely illustrated in
Fig. 3. We derived a sufficient condition (Proposition 4)
for a local unital channel not to be EA, which guar-
anties the entanglement retention and enables to per-
form entanglement-enabled experiments in the presence
of such noise. We gave (Proposition 2) the complete char-
acterization of unital entanglement-annihilating channels
E ⊗ E and showed (Proposition 3) that such (2-LEA)
channels E form a convex subset of the set of all unital
single-qubit channels.
For example, in case of depolarizing channels E1 and E2
with rates q1 and q2, their product should be kept above
1
3 . Above this critical value, there still exist initial states
of two-qubit system for which the entanglement survives
the effects of depolarizing noise.
Particular results have been also obtained for the case
of extremal non-unital channels, for which the entangle-
ment turns out to be more robust (in comparison with
unital channels). In particular, they are entanglement-
annihilating only if one of the constituent channels is
entanglement-breaking meaning that (in this case) the
set of 2-LEA channels coincides with EB channels.
Much attention has been also focused on such a fun-
damental entity as convexity of the set of all two-qubit
channels Tchan and the set of EA channels TEA. We
have revealed that the sets Tchan and TEA have com-
mon extremal points corresponding to local channels. We
have constructed a class of purely EA-extremal chan-
nels (phase-damping channels), i.e. channels that are
extremal for TEA but are internal for Tchan.
Finally, we have introduced an important concept of
EA-duality between sets of channels defined on individ-
ual subsystems. This concept gives another perspective
on classification of channels with respect to their entan-
glement annihilation ‘potential’.
To conclude, the presented analysis contains partial
characterization of local entanglement-annihilation two-
qubit channels. This class of channels is of particular
importance and interest in the domain of quantum infor-
mation processing. Although the complete understand-
ing of the phenomena of entanglement-annihilation is still
missing, the presented results represent important and
practical steps towards this direction. Our analysis shows
that the phenomenon of being entanglement-annihilating
is not a rare one and, hence, deserves further attention.
From the practical point of view, we have analyzed in de-
tail classes of physically relevant qubit channels (depolar-
izing, phase-damping, amplitude-damping) and among
them identified the ‘good’ and ‘bad’ ones.
Acknowledgments
This research was carried out while S.N.F. was vis-
iting at the Research Center for Quantum Informa-
tion, Institute of Physics, Slovak Academy of Sciences.
S.N.F. is grateful for very kind hospitality. This work
was supported by EU integrated project 2010-248095
(Q-ESSENCE), APVV DO7RP-0002-10 and VEGA
2/0092/09 (QWAEN). S.N.F. thanks the Russian Foun-
dation for Basic Research (projects 09-02-00142, 10-
02-00312, and 11-02-00456), the Russian Science Sup-
port Foundation, the Dynasty Foundation, and the Min-
istry of Education and Science of the Russian Feder-
ation (projects 2.1.1/5909, Π558, 14.740.11.0497, and
14.740.11.1257). T.R. thanks to APVV LPP-0264-07
(QWOSSI) and M.Z. acknowledges the support of SCIEX
Fellowship 10.271.
10
[1] E. Schro¨dinger, Mathematical Proceedings of the Cam-
bridge Philosophical Society 31, 555 (1935).
[2] R. Horodecki, P. Horodecki, M. Horodecki, and
K. Horodecki, Rev. Mod. Phys. 81, 865 (2009).
[3] K. Z˙yczkowski, P. Horodecki, M. Horodecki, and
R. Horodecki, Phys. Rev. A 65, 012101 (2001).
[4] I. Sinayskiy, E. Ferraro, A. Napoli, A. Messina, and
F. Petruccione, Journal of Physics A: Mathematical and
Theoretical 42, 485301 (2009).
[5] C.-J. Shan, J.-B. Liu, W.-W. Cheng, T.-K. Liu, Y.-
X. Huang, and H. Li, Communications in Theoretical
Physics 51, 1013 (2009).
[6] M. Scala, R. Migliore, A. Messina, and L. L. Sa´nchez-
Soto, The European Physical Journal D - Atomic, Molec-
ular, Optical and Plasma Physics 61, 199 (2011).
[7] W. Cui, Z. Xi, and Y. Pan, Journal of Physics A: Math-
ematical and Theoretical 42, 155303 (2009).
[8] F. Altintas and R. Eryigit, Journal of Physics A: Math-
ematical and Theoretical 43, 415306 (2010).
[9] E. Ferraro, M. Scala, R. Migliore, and A. Napoli, Physica
Scripta T140, 014042 (2010).
[10] J.-G. Li, J. Zou, and B. Shao, Phys. Rev. A 82, 042318
(2010).
[11] J.-G. Li, J. Zou, and B. Shao, Physics Letters A 375,
2300 (2011).
[12] M. Merkli, G. Berman, F. Borgonovi, and K. Gebre-
sellasie, Evolution of entanglement of two qubits inter-
acting through local and collective environments (2011),
arXiv:1001.1144v1 [quant-ph].
[13] M. P. Almeida, F. de Melo, M. Hor-Meyll, A. Salles, S. P.
Walborn, P. H. S. Ribeiro, and L. Davidovich, Science
316, 579 (2007).
[14] T. Yu and J. H. Eberly, Science 323, 598 (2009).
[15] W. A. de Brito and R. V. Ramos, Physics Letters A 360,
251 (2006).
[16] M. Tiersch, F. de Melo, and A. Buchleitner, Phys. Rev.
Lett. 101, 170502 (2008).
[17] T. Konrad, F. de Melo, M. Tiersch, C. Kasztelan, A. A.
ao, and A. Buchleitner, Nature Physics 4, 99 (2008).
[18] H. Zhang, J. Luo, T.-T. Ren, and X.-P. Sun, Chin. Phys.
Lett. 27, 090303 (2010).
[19] L. Moravcˇ´ıkova´ and M. Ziman, Journal of Physics A:
Mathematical and Theoretical 43, 275306 (2010).
[20] A. S. Holevo, Russian Mathematical Surveys 53, 1295
(1998).
[21] C. King, J. Math. Phys. 43, 1247 (2002).
[22] P. W. Shor, J. Math. Phys. 43, 4334 (2002).
[23] M. B. Ruskai, Entanglement breaking channels (2002),
arXiv:quant-ph/0207100v2.
[24] M. Horodecki, P. W. Shor, and M. B. Ruskai, Reviews in
Mathematical Physics 15, 629 (2003).
[25] A. S. Holevo, Problems of Information Transmission 44,
3 (2008).
[26] A. Peres, Phys. Rev. Lett. 77, 1413 (1996).
[27] M. Horodecki, P. Horodecki, and R. Horodecki, Physics
Letters A 223, 1 (1996).
[28] M. B. Ruskai, S. Szarek, and E. Werner, Linear Algebra
and its Applications 347, 159 (2002).
[29] M. Horodecki and P. Horodecki, Phys. Rev. A 59, 4206
(1999).
[30] H.-P. Breuer and F. Petruccione, The Theory of open
quantum systems (Oxford University Press, 2002).
[31] M.-D. Choi, Linear Algebra and its Applications 10, 285
(1975).
[32] A. Jamio lkowski, Reports on Mathematical Physics 3,
275 (1972).
